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A binaryimage X is the setof foreground (FG) pixelsin a two-dimensionahrray of pixels.
Pixelsnotin the FG arein thebackground (BG). Thepixelsin X aredefinedin Z? with respecto
anorigin, corventionallytakento bein the uppetleft cornerof theimage.

A structuring element (SE)is asetB, alsoin Z2. In imageprocessingit is typically of smaller
extentthantheimage X, andthelocationof its elementsaredefinedwith respecto anorigin that
is not necessarilgontainedvithin the elementof B.

Thebasicmorphologicabperationsareerosion anddilation. Theerosionof abinaryimageX
by a SE B is the setoperationdefinedby

XeB= (X, ={2eZ’| B, CX} (1)
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where X_, is the trandation of theimage X by —b. The seconddefinition statesthat erosion
generatesa setwith a non-emptyresultat every location wherethe translateof B fits entirely
within X. Thedilation of animageX is definedby

XeB=|JX,= |UB, ={z+beZ’|z€X,be B} (2)
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Thefirstandsecondlefinitionsstatethatdilation generatea setcomposeaf theunionof transla-
tionsof X by elementsn B, andv.v.. Fromthe symmetryof theserelations,it is clearthat X and
B commuteunderdilation

X®B =Bao X (3)

but they do notdo soundererosion,asonemightexpectbecauseadditionis commutatve but sub-

tractionis not. (Historicalnote: & and® arenot the original definitionsof Minkowski subtraction

andaddition,respectrely, which requireaninversionof the SE aboutits origin.)
Erosionanddilation aredual operations:

(X®B) =X‘6B (4)
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whereX¢, the complement of X, is the setof BG pixelsof X, andB = b| — b € B is the spatial
inversion of B throughtheorigin.
Theopening of animageX by aSE B is acompositeoperatiorof erosionfollowedby dilation:

XoB =(XeB)&B (5)

Openingis idempotent andindependenof the origin of the SE. It is alsoanti-extensive, because
theresultis guaranteetb bea subsebf X . Openingcanbevisualizedastheunionof all translated
SEswherethe SEfits entirelywithin X.

Theclosing of animageX by a SE B is acompositeoperationof dilation followedby erosion:

XeB =(X®B)SB (6)

Closing, like opening,is idempotentandindependenof the origin of the SE. It is extensive, be-
causeX is guaranteedo bea subsebf theresult.
Closingandopeningarealsodualoperations:

(XeB)* =X°0B (7

Using the dual relation, closing canbe visualizedasthe complemenof an openingof the back-
ground,i.e.,asthecomplementf theunionof all translation®f the SE, suchthattheinvertedSE
fits entirelywithin X,

Thehit-miss transform (HMT) is a morphologicatemplatematchemwhosedefinitionis based
ontheerosionoperator TheHMT of abinaryimageX by adisjoint pair (7, 7,) of SEsis defined
asthesettransformation

X®(Tf,7'b) = (X@Tf) N (Xc@Tb) (8)

The HMT generates setwith non-emptyresultat every locationwhereboth the FG SE 7; fits
entirelywithin X andtheBG SE 7, fits entirelywithin X¢. It is commonto speakof the elements
in 7¢ ashits, of elementsn 7, asmisses, andelementsotin their unionasdon’t-cares.



