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Abstract

Themorphologicaloperatorsof ahit-misstransformation,opening,andclosingaregeneralized
in a numberof ways. Thenew operatorsareusefulfor solvinga varietyof binary imageanalysis
problemsthat involve patterndetectionandreconstruction.Generalizedopeningsaredeveloped
by replacingerosionswith hit-missoperators.Thesenew openingsareshown to beanti-extensive,
idempotent,andcenter-independent. Similarly generalizedclosingsaredevelopedandrelatedto
openingsby duality. Additionally, the hit-miss operatoris further generalizedby replacingthe
erosionswith rankorderoperatorsin orderto improve therobustnessof patternmatchesbasedon
staticticalcriteria. Someapplicationsof the new operatorsto documentimageanalysisarealso
provided.
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1 Introduction

Themorphologicalopeningandclosingoperatorssatisfyseveralelegantandusefulproperties,suchas
center-independence,idempotence,andanti-extensivity or extensivity, in additionto thegeneralmor-
phologicalpropertiesof translationinvarianceandincreasing.However, becausethey arerestrictedto
only “hits” and“don’t-cares”in thestructuringelement(abbreviatedasSE),they areseverelylimited in
generality. Thehit-missoperator (HMO), on theotherhand,is anextremelygeneralpattern-matching
operator, introducedin [16]. It is ageneralizationof theerosionto SEsthatspecify“misses”aswell as
“hits”, but it lacksthefundamentalpropertyof theerosionto beincreasing.Erosionshavesomekind of
ubiquitousnaturesinceall translation-invariantandincreasingimagesetoperatorscanberepresented
asa union of erosions[10, 9]. Similarly, union of hit-missoperatorscanrepresentvariouskinds of
translation-invariantoperators[2, 1].

Theopeningoperatoris anerosionfollowedby adilationwith thesameSE.Hence,it canbeviewed
asa sequenceof two operatorsperformingpatterndetectionandpatternreconstruction.Theopening
hasseveralinterestingproperties.Specifically, it is independentfrom thecenterof theSEbecausethe
imagetranslationsfor theerosionanddilation, indirectly inducedby theSE,arein oppositedirections.
Theopeningis idempotentbecauseeachpixel remainingaftertheerosionrepresentsapatternmatchof
theSEelementto theoriginal image,andis subsequentlydilatedby theSEto reproduceexactly those
pixels in the original imagethat wereresponsiblefor the initial patternmatch. Whenthe openingis
repeated,theerosionre-convertseachdilatedsetof pixels to thesamesetthatwasobtainedafter the
first erosion.Theopeningis alsoanti-extensivesincetheopenedimageis alwayscontainedwithin the
original image.

The initial motivation for this work was to constructgeneralizationsof the openingandclosing
operatorsthatincludeSEswith bothhitsandmissesandthatsharemostof thespecialpropertiesof the
standardopeningandclosingoperatorsfor applicationsencounteredin documentimageanalysis.From
the foregoing,onemight guessthatanHMO followedby a dilation by only thehits in theSEwould
beonesuchgeneralizationfor theopening.This generalizedopeningwould reproduceall thehits in
the original imagefor which the HMO givesan exact patternmatch. Thus, it would extract shape
features,in their entirety, from the image,andthe resultwould be a fixed point of simpleoperators
relatedto thespecifiedshapes.Useof suchgeneralizedopenings,with SEscomposedof bothhits and
misses,implicitly broadensour view of thepatternsthatarebeingmatched.WhenSEsarecomposed
of hits only, they arenaturallyviewedin termsof shapesto bematchedin theimage.But whenmisses
are introducedinto the SE, we canalternatively considerthat the patternsbeingmatchedareshort-
rangetextures. Thegeneralizedopeningthenextractstextural components,againin their entirety. The
dividing line betweenshapeandtextural propertiesis not well defined,but short-rangetexturecanbe
intuitively understoodasthe local geometricrelationsbetweenhits andmissesin the image. This is
exactlywhatis specifiedby theSE.

In thestandardopeningandclosingoperators,theforegroundandbackgroundpixelsareimplicitly
treateddifferentlyby usingSEsthatspecifyonly foregroundpixels.However, whengeneralizingfrom
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theHMO, wherebothforegroundandbackgroundpixelsarespecified,onemayalsowish to consider
thecasewherethesubsequentdilation involvesthebackgroundpixels.

Correspondingto any generalizedopeningoperator, thereis a dual generalizedclosingthat must
satisfy the samegeneralset of propertiesas the generalizedopening,and in fact is equivalent to a
generalizedopeningon thebackgroundwith anappropriatelytransformedSE.

Similar generalizationscanalsobe madeby using rank order operators.A rank orderoperator
on a binary imageis equivalentto a thresholdedconvolution by a binary SE. Whenthe SE consists
only of hits, as in the usualdefinition, the rank orderoperatoris shift-invariantand increasing,and
the morphologicalerosionanddilation arespecialcases.Rankorderoperatorsareusefulfor pattern
matchingbecausethey have greaterimmunity thanerosionto noiseandshapedistortion,but they are
morecomplicatedcomputationally. Whena rank orderoperatoris followed by a dilation by the SE,
a type of openingresultswhereshapes,specifiedby the SE that are only partially matchedby the
rank order, arereproducedin their entiretyon the resultingimage. In analogywith the generalized
openingsderivedfrom theHMO, theHMO canfirst begeneralizedto a rankorderoperatorthatusesa
SEwith bothhits andmisses.This rankorderoperatorcansubsequentlybegeneralizedto anopening
by dilating the resultof the rankorderby only thehits in theSE.As with thesimplermorphological
operators,themotivationfor usingsuchoperatorsequencesis theexpandedsetof invarianceproperties.

In the following sections,we first defineand thenderive propertiesof the generalizedopenings
andgeneralizedclosings.Therearetwo typesof each,thatwe call foregroundandbackgroundopen-
ingsandclosings,andthataresimply relatedto eachother. Theforegroundoperatorsareidempotent,
whereasthe backgroundoperatorsareonly fixed pointsof openingby the hits. We thendiscusstwo
generalizationsof the HMO that improve the robustnessof the patternmatch. The first is a compu-
tationallyefficient methodwe call a blur match,thatgivesimmunity to noisenearshapeboundaries.
A moreflexible methodis the thresholdedconvolution (or rank orderfilter), that givesan optimum
rule (accordingto Bayesiandecisiontheory)for detectingshapescorruptedby saltandpeppernoise.
Finally, the hit-missrank orderoperatoris extendedto a generalizedrank orderopeningthat allows
reconstructionof partiallyoccludedshapesandtextures.

2 Generalized Opening

Let theplanarset
�

representa binaryimageandlet thecompactset � bea structuringelement.The
erosion � anddilation � of

�
by � aredefinedas

� ��� � �
	������	�� ��� �������� ��� 	 (1)

� ��� � �
	��������	! � "�$# � ��%���&� � ��	 (2)

where ��'�(� �!) � )+* � � is thereflectionof � with respectto theorigin and
�-, 	.�/�10 , 	2�30 *4�5�

is the translationof
�

alongthepixel vector
, 	 .
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The hit-miss transformationof
�

by a disjoint pair 67�98;:=< of SEsis definedin [16] as the set
operator �?> 6@�.8;:A<B�C6 � ���D<E �6 �GF �H:=< (3)

where � is the“hit” SEand : is the“miss’ SE.By “hits” wewill meanin this paperintersectionwith
the foregroundof

�
, whereasthe “misses”will refer to intersectionwith the backgroundof

�
, i.e.,

thesetcomplement
� F

. ThustheHMO is the intersectionof a foregrounderosionanda background
erosion.For brevity, we will oftenreferto thedisjoint pair 67�98;:=< of SEsasa singleSEwith bothhits
andmisses.It shouldbenotedthatthey arebothdefinedwith respectto thesamecenterposition.

Let us correspondthe sets
� 8��.8�: with their indicator functions 0I8 ) 8;J , which arebinary image

signals;i.e., 0K67LM<N�PO if L *Q� and 0K67LE<R�/S if L "*Q� , where L is a pixel location.Thentheerosion� �T� is equivalentto a thresholdedconvolution of the image 0 with thebinary impulseresponse
)
.

Specifically, if UV�W6 �YX 8 X <=Z �
S�8�O � is the unit stepfunction definedby UA6\[]<=�^O if [G_`S andUA6\[]<W�CS if [ba$S , c �bc denotesthenumberof pixels in thewindow set � , and d denotesconvolution,
thenthebinarysignal UA6e0bd ).� c �2cf< (4)

is the indicator function of the set
� �g� . Similarly, as discussedin [7], the HMO

�Q> 67�98;:=< is
equivalentto theminimumof thetwo thresholdedbinaryconvolutions UA6@0=d )D� c �2cf< and UAhi6jO � 0k<EdJ � cl:mc n . As suchtheHMO on binaryimagescanalsobeviewedasaperceptron [11] with two-valued
weights.Namely, thebinarysignal UAhl02do6 )9� Jp< � c �2c n (5)

is theindicatorfunctionof
�q> 67�98;:=< . Because� and : aredisjoint, thenonzerovaluesof themask

signal
)A� J , which containstheweightsfor theperceptron,are �AO for thepointsin � and

� O for the
points in : . Alternatively, the erosion

� �$� canbe viewed asa binary matchedfilter that detects
thelocationsof theforegroundtemplate� in theimage

�
, whereastheHMO

�q> 67�.8�:=< is amatched
filter that detectsthe combinationof the foreground/backgroundtemplatepair 67�98;:=< . Suchbinary
matchedfilters arediscussedin [4, 15].

The ordinary opening
�5r �s� 6 � �(�Y<R�(� of

�
by � is an erosionfollowed by a dilation.

Replacingtheerosionby anHMO leadsto whatwecall a “generalizedopening”.t
Specifically, wedefinethegeneralizedforegroundopeningof

�
by 67�98;:=< asthesettransformation

u 6 �wv �.8;:=<x�gh �?> 6@�.8;:=<ynz���.{ (6)

Whenever 67�98;:=< areimplied,weshallusethesimplernotation
u 6 � < . Thusthegeneralizedforeground

openingis anHMO followedby a dilation with thehit SE � . It is a setconsistingof theunionof hits
for all matchesof theHMO.

As anexampleof theuseof thegeneralizedforegroundopening,supposewe wish to extract from
theimageall lower edgesof horizontallinesthathave a givenminimumlengthof 20 pixels. This can|

In recentwork [17, 5] on morphologicaloperatorsbasedon lattice theory, an “opening” is definedasany increasing,
anti-extensiveandidempotentoperator. Whatwedefinein thispaperas“generalizedopenings”lacktheincreasingproperty.
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beaccomplishedwith a generalizedforegroundopeningusingtheSE in Figure1a. Thefilled circles
arehits andthe emptycircle is a miss,andthe referencepoint for the SE is indicatedby a crossin
oneof thehits. When

u
is appliedto the imagein Figure2, theextractededgesareshown in Figure

3a. Becausewe areusingonly onemissnearthecenterof theSE,theseedgesextendinto theregions
wherethehorizontalandverticallinesintersect.If suchextensionis notdesired,it canbepreventedby
placingtwo missesat theendsof theSE.If wewish to sieve thehorizontallines,findingall horizontal
lines of width equalto or lessthan3 pixels (for example),the SE in Figure1b canbe usedwith the
generalizedforegroundopening.Theresultwhenappliedto the imagein Figure2 is shown in Figure
3b. As expected,thethin lines,in their entirety, havebeenextracted.

We now deriveseveralpropertiesof thegeneralizedforegroundopening.

PROPERTY 1 . Thegeneralizedforegroundopeningis anti-extensive;i.e.,

u 6 �wv �98;:=<p� �wr �.� � { (7)

Proof. Since
�q> 67�98;:=<p� � ��� andsincedilation is amonotoneincreasingoperator(i.e.,

� �~}�M� � ���9�Q}���� ), wehave

u 6 � <��w6 � ���Y<E���'� �wr �.� � {
�

PROPERTY 2 . The generalized foreground openingis center-independent,i.e., independentof the
locationof theSEpair; thus,for all vectors 	 ,

u 6 �wv �w��	�8;:���	3<B� u 6 �wv �98;:=<p{ (8)

Proof. Intuitively, a shift of thecenterof 6@�.8;:A< by 	 causesanequivalentshift in the locationof
theHMO, andanoppositeshift in thelocationof a dilation. Hencethesequenceof HMO anddilation
is center-independent.Formally,

� �$67����	<��g6 � ���D< � 	 v��~F �-67:'��	<B�C6 �GF �H:A< � 	�{
Hence,��� �Q> 6@����	�8;:-��	<���h �Q> 6@�.8;:=<yn � 	 . Since �~��6@����	<���6\�4�T�Y<I��	 , theproof of
(8) is complete.

�
By asimilarargumentasin thepreviousproperty, all generalizedoperatorsdefinedin thispaperare

independentof thelocationof theSEpair.

PROPERTY 3 . Thegeneralizedforegroundopeningis idempotent;i.e.,

u h u 6 � <�nk� u 6 � <R{ (9)
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Proof. First notethat,since
u

is anti-extensive,wehave

u h u 6 � <yn\� u 6 � < (10)

To prove(9) we needonly to show that
u h u 6 � <yn� u 6 � < . Let }g� �q> 6@�.8;:A< . Then

u 6 � <E���'�P67}����D<E������}2���w�!} (11)

where � is theordinaryclosing. Since
u 6 � <�� � it follows that h u 6 � <�n F � � F andhence h u 6 � <yn F �:T� � F �H: . Then,since }2� � F ��: , wehave

h u 6 � <yn F �H:T��} (12)

From(11)and(12) it follows that
u 6 � < > 67�98;:=<��!} , which in turn yields

u h u 6 � <�n�!}������ u 6 � < (13)

Hence,from (10)and(13) it follows that
u h u 6 � <�nk� u 6 � < , andtheproof is complete.

�
We canalsodefineageneralizedbackgroundopeningasthefollowing settransformation�Y6���< :

��6 �wv �98;:=<x�gh �q> 67�98;:=<�n���:�{ (14)

Thusthegeneralizedbackgroundopeningis anHMO followedby a dilation with themissSE.As we
do for

u
, whenever 6@�.8;:=< areimplied,wewill usethesimplernotation ��6 � < .

In Figures4aand4b,weshow thegeneralizedbackgroundopeningof theimagein Figure2, using
theSEsin Figure1aand1b, respectively. Thesesetsarecontainedwithin thebackgroundof Figure2.
The generalizedbackgroundopeningis a setconsistingof the unionof missesfor all matchesof the
HMO.

PROPERTY 4 . Thegeneralizedbackgroundopeningof
�

is a subsetof
� F

; i.e.,

��6 �wv �.8;:=<�� �GF;r :+� �~F { (15)

Proof. Since
�q> 67�98;:=<p� � F �H: andsincedilation is monotoneincreasing,wehave

�Y6 � <p�w6 �GF ��:=<I��:g� �GF�r :+� �~F {
�

LEMMA 1 . For anyset � , theset �4��� is a fixedpoint of theopeningby � . Similarly, theset �m���
is a fixedpoint of theclosingby � .

Proof. See[16, p.53].
�

ThisLemmaimpliesthefollowing property.
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PROPERTY 5 . Thegeneralizedforegroundopeningby 67�98;:=< is a fixedpointof theopeningby � , i.e.,

h u 6 �wv �98;:=<�n r ��� u 6 �wv �.8;:=< (16)

andthegeneralizedbackgroundopeningby 67�.8�:=< is a fixed-pointof theopeningby : , i.e.,

hl��6 �wv �98;:=<yn r :g���Y6 �wv �98;:=<R{ (17)

By performingboth operators
u 6 � < and ��6 � < , i.e., by dilating the HMO with the hit SE and

separatelywith themissSE,weobtaintwo new binaryimages,whicharesubsetsof theoriginal image
foregroundandbackground,respectively. Thustheoriginal imageplaneis partitionednow into 3 setsof
pixels: (i) thepixelsof

u 6 � < , whicharecontainedin
�

; (ii) thepixelsof �Y6 � < , whicharecontainedin� F
; and(iii) therest,whicharethepixelsof h u 6 � <E���Y6 � <�n F . This informationcannotbecastsimply

asa binary image. We needthreedifferentgray levels, one for eachof the threeclassesof pixels.
Clearly, thepixel class(iii) is theleastimportantandcanbetreatedasthenew “background”.

Thefollowing propertyrevealsthatthereis acloserelationshipbetween
u

and � .

PROPERTY 6 . Thegeneralizedbackgroundopeningof
�

by 67�98;:=< is equalto thegeneralizedfore-
groundopeningof

� F
by 67:+8��D< ; i.e.,

��6 �wv �.8;:=<x� u 6 � F v :b8��D<R{ (18)

Proof. Fromthedefinitionsof
u

and � we have

�Y6 �wv �98;:=<V� hi6 � ���Y<� �6 �GF ��:=<yn���:
� hi6 �GF �H:=<E �6 � ���D<yn���:
� u 6 �~F�v :+8��Y<p{

�
Finally, thecenterindependenceof � follows from (18)andthecenterindependenceof

u
.

3 Generalized Closing

Theduality relationbetweenerosionanddilation,aswell asbetweenopeningandclosing,statesthat

6 � F ���Y< F � � � �� (19)� �B�'�P6 �~F�r ��Y< F (20)

where
� ������6 � �-�Y<B�-� is the ordinaryclosingof

�
by � . Next we introducea generalized

closingbasedon theduality principle. That is, we definethegeneralizedforegroundclosingof
�

by67�98;:=< , denotedby �D6 �wv �98;:=< or simplyby �D6 � < if 67�98;:=< areunderstood,asfollows:

�D6 �5v �.8;:A<B�gh u 6 �GF;v ���8��:=<�n F (21)

7



PROPERTY 7 . Thegeneralizedforegroundclosingis a “dual HMO” followedbyan erosion;i.e,

�D6 �wv �98;:=<��Chi6 � ���Y<E�56 � F �H:=<�  y¡ ¢
dual HMO

nz��� (22)

Proof. Fromthedefinitionsof � and
u

wehave

�D6 �wv �98;:=<£� h u 6 �GF�v ��.8W�:=<yn F
� hih¤6 �GF � ��o<E �6 � � �:=<�nz����n F
� hi6 �GF � ��o<E �6 � � �:=<yn F ���
� hi6 �GF � ��o< F �56 � � �:=< F nz���
� hi6 � ���D<E��6 �GF �H:=<ynz����{

�
The“dual HMO” is theunionof two dilations:of

�
by thehit SE( � ), andof

� F
by themissSE

( : ). It consistsof all pointsin animage
�

whereeitherthetranslatedhit SE �� intersectsat leastone
ON pixel or thetranslatedmissSE �: intersectsat leastoneOFFpixel. Thus,the “dual HMO” is the
setof pixelswherethereis at leasta partialmatchto theSE,andthegeneralizedforegroundclosingis
a “dual HMO” followedby erosionby thehit SE.Thegeneralizedforegroundclosing,definedin (22),
canalsobevisualizedasthesetcomplementof a generalizedforegroundopeningon thebackground.
In this view, it is thesetcomplementof theunionof hits for all matchesto thesetcomplementimage
(wheretheSEmustalsobespatiallyinverted).Figure5ashows theactionof � on theimagein Figure
2, usingtheSEin Figure1aasbefore.Thelinesof OFFpixelsin Figure5aareproducedby first finding
thosepointsin theimagewheretheline of hits intersectsOFFpixelsandthesinglemissintersectsan
ON pixel (this occurson thetop edgesof thelinesandon thetop pixelsof thetext), andtheneroding
theresultby theline of hits. Notethattheresultinglinesof connectedOFFpixelsarecontinuousin the
text section.

As for the generalizedopenings,we definethe generalizedbackgroundclosingof
�

by 6@�.8;:A< ,
denotedby ¥¦6 �wv �98;:=< or simplyby ¥¦6 � < if 6@�.8;:=< areimplied,asfollows:

¥¦6 �wv �.8�:=<x�Chl�Y6 �GF;v ��98��:A<yn F (23)

By working in a similar way asfor the foregroundclosingit canbeshown that thegeneralizedback-
groundclosingis a “dual HMO” followedby anerosionby themissSE;i.e,

¥¦6 �wv �.8�:=<§�Phi6 � ���Y<���6 �GF ��:=<�  y¡ ¢
dual HMO

n���: (24)

Figure5b shows theactionof thegeneralizedbackgroundclosingon the imagein Figure2, using
the SE in Figure1a. The backgroundin Figure2 is containedwithin this set. We next give several
propertiesof thegeneralizedforegroundandbackgroundclosing.
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PROPERTY 8 . Thegeneralizedforegroundclosingis extensive;i.e.,

�D6 �5v �.8;:A<�� � ���w� � { (25)

Proof. Since 6 � �T�D<��w6 � F �T:=<�� � �H� , andsinceerosionis a monotoneincreasingoperator
(i.e.,

� �G}$�M� � ���.�~}���� ), wehave

�D6 � <��=6 � ���D<E����� � ���w� � {
�

PROPERTY 9 . Thegeneralizedforegroundclosingis idempotent;i.e.,

�Dh¨�D6 � <ynk�-�D6 � <R{ (26)

Proof. This follows from (21)andtheidempotenceof thegeneralizedforegroundopening:

�Dh¨�D6 �wv �98;:=<yn©� h u 6ªh«�D6 �wv �.8�:=<�n F;v ���8��:=<�n F
� h u 6ªh u 6 � F v ��.8W�:=<�n v ��.8W�:=<�n F
� h u 6 � F v ��98 �:=<�n F
� �D6 �wv �.8;:=<R{

�
PROPERTY 10 . Thegeneralizedbackgroundclosingof

�
contains

� F
; i.e.,

¥K6 �wv �98;:=<�� � F ��:T� � F { (27)

Proof. Since 6 � ���Y<E�56 � F �H:A<�� � F ��: , andsinceerosionis increasing,we have

¥¦6 � <��A6 �GF �H:=<E�H:(� �GF ��:T� �~F {
�

PROPERTY 11 . Thegeneralizedforegroundclosingby 67�.8�:=< is a fixedpointof theclosingby � , i.e.,

�D6 �wv �98;:=<����'�-�D6 �wv �98;:=< (28)

andthegeneralizedbackgroundclosingby 6@�.8;:=< is a fixedpoint of theclosingby : , i.e.,

¥¦6 �wv �98;:=<p��:g�-¥K6 �wv �98;:=<�{ (29)

Proof. It followsdirectly from Lemma1.
�
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PROPERTY 12 . Thegeneralizedbackgroundclosingof
�

by 6@�.8;:=< is equalto thegeneralizedfore-
groundclosingof

� F
by 6¬:+8�D< ; i.e.,

¥¦6 �wv �.8�:=<x�-�D6 �~F�v :+8��Y<�{ (30)

Proof. This follows from thedefinitions(21)and(23).
�

So far we have seenthat the two generalizedopenings
u

and � yield two setswhoseunion is a
subsetof the original information; i.e.,

u 6 � <�� � and ��6 � <p� � F . By contrast,the two generalized
closings� and ¥ yield two setswhoseunionis largerthantheoriginal information;i.e., �D6 � <�� � and¥¦6 � <�� � F .

Wenext show theability of thegeneralizedopeningsandclosingsto extracttexturalpatterns.Con-
siderthehit-missSE,givenin Figure6, which hasa short-rangeperiodictexture. Figure7 shows the
applicationof the HMO andthe generalizedopeningsandclosings,usingthis SE, to an image. The
strengthof theHMO signal(b) shouldbecontrastedwith thatof thegeneralizedforegroundopening
in (c), whichshowsall theforegroundpixelsin (a) thatparticipatein theHMO match.Thegeneralized
backgroundopeningin (d) shows backgroundpixels in (a) that participatein the HMO match. The
OFFpixelsin thegeneralizedforegroundclosing(e) arebackgroundpixelsin (a) thatarenot selected
by thedualHMO followedby anerosionof thelhit partof theSE.In thisexample,thenumberof such
pixels is large andcomparableto that of the foregroundpixels in (c). Finally, the OFF pixels in the
generalizedbackgroundclosing(f) areforegroundpixelsin (a) thatarenot selectedby thedualHMO
followedby anerosionof themisspartof theSE.¿Fromthis example,it is apparentthat theseoper-
atorscanextract signalscorrespondingto textural patternswithin imagesthat areof greaterstrength
thanmaybeexpectedfrom visualobservation.

4 HMO with Rank Order Filters

TheHMO of
�

by 67�.8�:=< detectsthesetof pixel locationsatwhich � occursin
�

and : occursin
� F

.
Thusthe HMO is a binary matchedfilter that actssimultaneouslyboth on the imageforegroundand
its background.Becauseit attemptsto performanexactmatching,it is sensitive to noise,occlusions
of imageparts,or uncertaintiesaboutthe exact shapeof the hit or missSE.To make it morerobust
onecould performa union of HMOs, eachwith slightly differentSEs. This is the shaperecognition
approachfollowedin [2]; however, it couldbecomputationallyvery intensedueto thepotentiallylarge
numberof SEs.

Blur Matching: A moreefficientmethodfor improving therobustnessof thematchis to computea
blur match.In distinctionwith theexactmatchof anHMO, we definea blur-matchHMO (BHMO) to
requirethat(i) thereis anON pixel within a radius ® t of eachhit, and(ii) thereis anOFFpixel within
a radius®&¯ of eachmiss.For SEsthatdescribeshapesto bematchedin theimage,theblur matchgives
immunityto pixel noisethatoccursneartheshapeboundaries.Fortunately, thisblur matchis computed
efficiently by first dilatingtheimageby adiskSE ° t of radius® t anddilatingthesetcomplementimage
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by adiskSE °�¯ of radius®&¯ , beforecomputingtheintersectionof erosionsin (3) for theHMO:

:A±G²�³´6 �5v �.8;: v ° t 8;°!¯�<��Chi6 � �H° t <E����nz 5hi6 �GF ��°�¯p<E�H:9n (31)

A generalizedforegroundblur openingis thengeneratedby following theBHMO by a dilationby � :

uYµe¶f·�¸ 6 �5v �.8;: v ° t 8�°�¯p<x�Phi66 � �H° t <E���D<E 56ª6 �GF �H°�¯p<E��:A<�n����/{ (32)

Obviously, thegeneralizedforegroundblur openingby 67�98;:=< is afixedpointof theopeningby � .
A moreflexible approachfor constructinga robust generalizedopeningis to replacetheerosions

in theHMO with moregeneralfilters. Therearetwo suchgeneralizations,which,althoughdifferentin
their definitionandimplementation,aretheoreticallyequivalent. Thesearethe thresholdconvolution
andthe rank order filtering approach.In the remainderof this section,we will assumethat we deal
only with discretesignals.

ThresholdConvolution: Let us representthe imageset
�

with its 2-D binary indicatorsignal 0 .
Similarly, let ¹ bethethebinarysignalrepresentinga finite SE º , which is alsoviewedasa window
of pixels. Considerthe following thresholdedconvolution of the input signal 0 with ¹ , evaluatedat
pixel location L , U=h 0bdR¹=6@LE< �w» n (33)

where
»

is avariablethreshold.If
» �¼cfº?c , then(33) is equivalentto theerosionof

�
by º . However,

if
» a½clº¾c , thenthethresholdconvolution imposeslooserconditionsthanerosionon detectingº in�
, andhenceit could potentiallybe morerobust by adjusting

»
. Theseideashave beenappliedto

severaltemplatematchingapproachesfor binaryobjectdetection,asdescribedin [4, 15, 13].
RankOrder Filtering: Givena discrete-argumentsignal ¿ anda finite subsetº of its domain,the® -th rankordertransformationof ¿ by º yieldsthesignal

¿ � ¸ º�6@LE<��'® � th largestof ¿§6@L2��ÀÁ<�8�À * º (34)

where ®2�?O38�Â�8&{i{i{¤8Ãclº?c . Applying rankorderfilters to thebinarysignal 0 representinga set
�

yields
a binarysignaltoo.̄ In [8] a set-theoreticdefinitionof binary rankorderfilters wasgiventhatavoids
sortingandusesonly pixel counting;thusthe ® -th rankordertransformationof

�
by º is

� � ¸ º �/�
	��Mc �  �6¬º ��	3<]cz_T® � (35)

Notethatif ®o��clº?c , then
� � ¸ º becomestheerosion

� �mº ; for ®o�gO wegetadilation. Obviously,
thethresholdconvolution (33) andthebinaryrankorderfiltering (35) yield identicalbinarysignalsif» �'® .

In [7] it wasshown that the convolution of a binary signal ¿ with a binary ‘template’ signal ¹
(representinga finite SE º ) comparedto a threshold,or its equivalent rank order operator, is theÄ

Binary rankorderfilters wereusedin [3]. Rankorderfilters for non-binarysignalswereusedin [6, 12]. For relation-
shipsbetweenrankorderandmorphologicaloperatorssee[8].
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optimum (using a Bayesianformulation ) decisionfor detecting ¹ in ¿ , when ¿ containsa shifted
versionof ¹ corruptedwith binarysalt-and-peppernoise.Weanalyzethiscasehereto motivatetheuse
of rankorderfiltering in HMOs. Weapproachtheproblemof imageobjectdetectionin thepresenceof
noisefrom theviewpointof statisticalhypothesistestingandrankorderfiltering. Assumethatthe(part
of the)observedbinary image ¿ , in a º neihborhoodarounda pixel location À at which a decisionis
to betaken,hasbeengeneratedunderoneof thefollowing two probabilistichypotheses:

± � � ¿§67LM<x�$Å�67LM<p85L * º ��À .± t � ¿§67LM<x��c ¹A67L � ÀÁ< � Å�67LE<1cÆ85L * º ��À .
Hypothesis± t 6¬± � < standsfor “objectpresent”(“objectnotpresent”)atpixel location À . The“object”¹ is adeterministicbinarytemplate.Å is astationarybinarynoiserandomfield whichis a2-D sequence
of independentidenticallydistributed(i.i.d.) randomvariablestakingvalue1 with probability ÇGa�S�{ÉÈ
and0 with probability O � Ç . º �(À is the templatewindow shiftedat location À . The absolute-
differencesuperpositionbetween¹ and Å under ± t forces ¿ to alwayshave values0,1. Intuitively,
sucha signal/noisesuperpositionmeansthat thenoise Å togglesthevalueof ¹ from 1 to 0 andfrom
0 to 1 with probability Ç at eachpixel. This noisemodelcanbeviewedeitherasthecommonbinary
symmetricchannelnoisein signaltransmissionor asa binaryversionof thesalt-and-peppernoise.To
decidewhethertheobject¹ occursat À weuseaBayesdecisionrulethatminimizesthetotalprobability
of errorandhenceleadsto thelikelihoodratio test

Ê ®�6\¿�ËÃ± t <Ê ®�6\¿�ËÃ± � <
± tÌ
a± �
Ê ®�6¬± � <Ê ®�6¬± t < �$Í (36)

where
Ê ®Á6¬¿MËÃ±AÎÏ< arethelikelihoodsof ±AÎ with respectto theobservedimage ¿ , and

Ê ®�6¬±AÎe< arethea
priori probabilities.Dueto thei.i.d. assumptionaboutÅ ,

Ê ®�6\¿MËÃ± � <�� ÐÑÒ�&Ó9ÔÁÕ Ç×Ö�Ø
Ñ&Ù 6�O � ÇÚ< tyÛ Ö�Ø Ñ1Ù (37)

Under ± t andsince ¿Ú8�¹98;Å arebinary, Å�67LM<���cf¿§6@LE< � ¹A67L � À�<]c for L * º ��À andhence

Ê ®Á6¬¿MËÃ± t <x� ÐÑ
�1Ó�ÔÁÕ ÇEÜ Ö�Ø
Ñ1Ù Û�Ý Ø Ñ Û Õ;Ù ÜÞ6�O � ÇÚ< tyÛ Ü Ö�Ø Ñ1Ù Û�Ý Ø Ñ Û Õ;Ù Ü (38)

Substitutingtheseinto (36)andtakinglogarithmsof bothsidesyields

ß
ÑÒ�&Ó9ÔÁÕ ¿¦67LE< � cf¿§6@LE< � ¹A67L � ÀÁ<1c

± tÌ
a± �
Í � � àâá3ã ÍàâáÃã h¤6�O � ÇÚ<ËpÇ�n
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Expandingtheabsolutedifferenceandcancellingcommontermsgives

ß
Ñ
�1Ó�ÔÁÕ ¿§6@LE<j¹A67L

� ÀÁ<
± tÌ
a± �
» � Í � �/cfº?cÂ (39)

Thus,theselectedstatisticalcriterionandnoisemodelleadto computethebinarycorrelationbetween
anoisyimageandaknown imageobjectandcompareit to a thresholdfor decidingwhethertheobject
is present.Sincethisoptimumdecisionrule involvesonly a thresholdedconvolution, it is equivalentto
a rankorderfilter.

In [14] a compositionof rank orderfilter anda dilation wasproposedfor featuredetectionasa
robust replacementof the ordinary opening. This ® -th rank-dilation operatorof a (binary or non-
binary)signal ¿ by abinarytemplate(set) º consistsof the ® -th rankordertransformationof ¿ by º
followedby a dilationby º . Thustherankorderoperatorreplacestheerosionin anordinaryopening
and(by varying ® ) servesin detectingº morerobustly thantheerosion,whereasthedilation redrawsº at the detectedlocations. The sameoperatorwascalled rank openingin [7] andshapeinference
openingin [18]. In [14] the rank-dilationoperatorwasfurther superimposedwith theoriginal image
usingpointwiseminimum,which makesit anti-extensiveandidempotent.ä

Motivatedby theaboveideas,whererankorderoperatorscanimprovetheperformanceof matched
filters whenthey replaceerosionsin casesof noiseor shapedistortion,wewill userankorderfilters in
theHMO of thegeneralizedopening.Thus,for a givendisjoint SEpair 6@�.8;:=< , we definethe 6�ÇE8�åÃ< -th
rankhit-misstransformationof

�
by 6@�.8;:=< asthesetoperator

�?>Wæ&ç è 6@�.8;:=<x�C6 � � æ �D<I �6 �GF � è :A< (40)

whereÇ��/O38�Â�8&{i{i{¤8Ãc �bc and å��(O38;Â�8&{i{¤{i8Ãcl:éc . Then,the 6�ÇE8�åÃ< -th generalizedforegroundrankopeningof�
by 6@�.8;:A< is thesetoperator

u�æ1ç è 6 �5v �.8;:A<x�Ph¤6 � � æ �Y<E 56 �GF � è :=<ynz��� (41)

Thus
u�æ&ç è

consistsof a rank HMO followed by dilation with the hit SE. Of course,the generalized
foregroundrankopeningby 67�.8�:=< is a fixedpoint of theopeningby � . Similarly, we candefinethe
rankorderversionsof theothergeneralizedopeningsandclosings.

PROPERTY 13 . The generalized foregroundrank openingby 67�98;:=< is not in general idempotent,
exceptin thecasewhere ÇQ�êc �2c and åb�ëcl:mc , where it reducesto thepreviouslydefinedgeneralized
foregroundopening

u
.ì

In general,notethatif íkî@ïlð is any increasingsetoperator, thentheoperatorñTò$ñ=ókíÚîÞñ.ð is increasing,anti-extensive,
andidempotent.
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Proof. Consideranimagewith ô ON pixelsin ahorizontalline, andaSE � with LQa�ô horizontal
hits. If Ç'a¾L , the rank orderoperatorwill causethe imageto shrink to ô � Ç��gO pixels, andthe
subsequentdilation expandsit to ô¾��L � Ç pixels,which is larger than ô pixels. Eachsubsequent
applicationof thegeneralizedrankorderopeningwill alsoincreasetheimageby L � Ç pixels.

�
Finally, notethatall theideaspresentedin thissectiononrankHMOsandgeneralizedrankopenings

of a (binary image)set
�

canbe extendedeasily to gray-level images¿ by replacingall rank order
set transformationswith rank order filters acting on gray-level images;replacing  with pointwise
minimum;andreplacing

� F
with ô � ¿ whereô is themaximumgrayamplitude.
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